
Mersenne Primes — as sure as eggs is eggs!

The solution to the problem of the farmer selling eggs is related to prime numbers,
in particular prime numbers of a special form called Mersenne primes, after a French
monk by the name of Marin Mersenne who first studied these kinds of primes in the 17th
century.

Suppose the farmer sells all her eggs, not in just 3 transactions but in n transactions,
all of the same kind — she sells half her eggs plus half an egg in every transactions and
finally sells all of her eggs. How many eggs did she start with? To find the answer for any
n let’s work backwards. In the very last transaction she must have sold just one egg, since
only then can selling half her eggs, plus half an egg, leave her with no eggs ( 1

2
+ 1

2
= 1).

For the second last transaction, she must have had 3 eggs since only then can selling half
her eggs, plus half an egg, leave her with just one egg (1 1

2
+ 1

2
= 2 and 3− 2 = 1). For the

previous transaction, she must have had 7 eggs since only then can selling half her eggs,
plus half an egg, leave her with three eggs (3 1

2
+ 1

2
= 4 and 7− 4 = 3).* Now

1 = (2× 0) + 1, 3 = (2× 1) + 1, 7 = (2× 3) + 1.

Are you beginning to see a pattern?
The next number in the sequence is 15 = (2×7)+1 so, had there been 4 transactions

she would have started with 15 eggs. Had there been 5 sales, she would need to have
started with (2 × 15) + 1 = 31 in order to have sold all her eggs in 5 steps. Every time
we double the number of eggs and add 1. A quick way to calculate the final answer it to
observe that

21 − 1 = 2− 1 = 1,

22 − 1 = 4− 1 = 3,

23 − 1 = 8− 1 = 7,

24 − 1 = 16− 1 = 15,

25 − 1 = 32− 1 = 31,

and so on. So had there been n transactions, the farmer would have had to have started
with 2n − 1 eggs (can you prove this always gives the right answer?). Now notice that 3,
7 and 31 are prime numbers, but 15 = 3× 5 is not prime (neither is 1, 1 is not considered
to be prime number — even though it is only divisible by 1 and itself). Mersenne noticed
that 2n − 1 is often prime when n is prime, and a prime number of the form 2n − 1 with
n a prime number is called a Mersenne prime in his honour. It is not always the case
that 2n − 1 is prime when n is prime however, for example 211 − 1 = 2047 = 23× 89 is not
prime. Nevertheless Mersenne primes are fascinating numbers, the largest prime number
found so far is a Mersenne prime 243,112,609 − 1 is known to be a prime number, but we
will not write it out because it would take over 4500 pages!

* Indeed this is the unique answer to the original problem, she must have started with
7 eggs.
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